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Experimental determination of the magnetic field spectrum in the Helically
Symmetric Experiment using passing particle orbits

J. N. Talmadge,a) V. Sakaguchi, F. S. B. Anderson, D. T. Anderson, and A. F. Almagri
HSX Plasma Laboratory, Department of Electrical and Computer Engineering, University of Wisconsin,
Madison, Wisconsin 53706

~Received 17 May 2001; accepted 12 July 2001!

The leading terms of the magnetic field spectrum for the Helically Symmetric Experiment@Fusion
Technol.27, 273 ~1995!# at low magnetic field are determined by analyzing the orbits of passing
particles. The images produced by the intersection of electron orbits with a fluorescent mesh are
recorded with a charge coupled device and transformed into magnetic coordinates using a neural
network. To obtain the spectral components, the transformed orbits are then fit to an analytic
expression that models the drift orbits of the electrons. The results confirm for the first time that
quasihelical stellarators have a large effective transform that results in small excursions of particles
from a magnetic surface. The drift orbits are also consistent with a very small toroidal curvature
component in the spectrum. An external magnetic perturbation, nearly resonant with the transform,
is shown to induce a large excursion of the particle orbit off a flux surface. ©2001 American
Institute of Physics.@DOI: 10.1063/1.1415071#

I. INTRODUCTION

Since the pioneering development of the HELIAS1 ~He-
lical Advanced Stellarators! approach, present-day advanced
stellarators are designed to meet specific physics criteria with
regard to equilibrium, stability and transport, among other
requirements. These properties can be directly controlled by
specification of the plasma boundary shape and the pressure
and current~if present! profiles. Fast three-dimensional equi-
librium solvers2,3 coupled to nonlinear constrained optimiza-
tion algorithms sift through the vast multidimensional pa-
rameter space to identify promising configurations. This task
was aided considerably with the understanding by Boozer
that the confinement depends on the spectrum in magnetic
coordinates of the magnetic field magnitudeuBu, not the com-
ponents ofB.4 These advances were instrumental in allowing
configurations to be developed that overcame one of the
weaknesses of the conventional stellarator concept, namely
the poor confinement of trapped particles at low collisional-
ity due to the combination of toroidal and helical compo-
nents of the spectrum. Such an optimization procedure was
used to design the Wendelstein 7X stellarator.5 Nührenberg
and Zille6 also showed that the neoclassical confinement
properties of a stellarator could be made comparable to a
tokamak, if not better, by optimizing theuBu spectrum such
that the toroidal curvature is minimized and only a single
helical term is dominant. They termed this configuration
quasi-helically symmetric because the symmetry was only
with regard to the field magnitude. Subsequently, other ad-
vanced stellarators that seek to optimize the magnetic spec-
trum, such as the quasi-axisymmetric7,8 and quasi-
omnigeneous9 stellarators, have also been identified.

The magnetic field spectrum in the straight field line,
Boozer coordinate system is written as

B

B0
5( bnm cos~nf2mu!, ~1!

wheren is the toroidal mode number andm is the poloidal
mode number. For a quasi-helically symmetric stellarator, the
spectrum can be approximated with a single harmonic,
B/B05bnm cos(nf2mu). Along a magnetic field line given
by u5 i–f, where i– is the rotational transform, the depen-
dence of the field on the toroidal coordinatef is B/B0

5bnm cos@(n2mi–)f#. This is similar to the variation in the
field for a tokamak with the substitutioni–eff5n2mi–. For the
Helically Symmetric Experiment~HSX!,10,11 where n54,
m51 and the rotational transform varies between 1.05 in the
center and 1.12 at the edge, the effective transform is close to
3. Theoretically, the high effective transform is responsible
for small drifts of passing particles from a flux surface, small
banana widths for trapped particles, very low neoclassical
transport for a stellarator, small plasma currents and a small
Shafranov shift at finite beta.

It is desirable to find an experimental method for ad-
vanced stellarators to determine whether the expected mag-
netic field spectrum has been realized. Since the early days
of the stellarator program, the vacuum magnetic surfaces
have been mapped with a low-energy electron beam to de-
termine whether the surfaces are well formed or if island
structures detrimental to the plasma confinement might
exist.12 Such methods include the use of fluorescent
screens,13 fluorescent rods,14 diode15 and triode16 emissive
filaments, and tomographic17 techniques. However, having
well-formed magnetic surfaces, by themselves, does not
guarantee that the magnetic field spectrum conforms to the
optimized design goal. In this article, we present a method of
determining the leading coefficients of the magnetic field
spectrum by tracking the drift orbits of energetic electrons at
several toroidal locations.

The disadvantage of this method is that it is not sensitivea!Electronic mail: talmadge@facstaff.wisc.edu
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to m50 modes in the spectrum which do not contribute to
the drift of a circulating particle off a flux surface. The ad-
vantage of the method is that it is possible to find small
magnetic spectral components that are nearly resonant with
the transform. These modes can lead to very large excursions
of particles from a flux surface. Mynick18,19 has shown that
such modes can have a much lower stochastic threshold for
energetic particles than for the magnetic surfaces~see Figs. 4
and 5 in Ref. 18!. On the other hand, the proper tailoring of
such modes can be used for burn control and ash removal.
The analysis of energetic passing particles in a stellarator can
also be extremely important for optimizing the efficiency of
tangential neutral beam injection~NBI!.20 In the Advanced
Toroidal Facility~ATF!, for example, measured neutron rates
in certain magnetic configurations indicated an enhanced loss
of energetic passing ions.21

The drift orbits of energetic passing electrons have been
measured in both the Compact Auburn Torsatron22,23 and in
Heliotron DR23 and shown to agree well with the analytic
expression for particles that move in a tokamak-like field
which includes only toroidal curvature, i.e.,n50, m51. In
general, stellarators contain a multiple of helical harmonics
as well and in experiments such as in ATF the helical terms
were believed to make a significant contribution to the drift
orbit of energetic ions during tangential NBI.21 For advanced
stellarators, especially in HSX where the toroidal curvature
term is minimal, the helical terms may be the dominant com-
ponent in determining the drift orbits. In Sec. II we derive an
approximate expression for the drift orbit of a passing par-
ticle in an arbitrary magnetic field withv';0. Experimental
results illustrating the method for determining the leading
terms of the magnetic field spectrum are given in Sec. III. We
illustrate in this section the usefulness of the approach pre-
sented here by demonstrating how a small, nearly resonant
magnetic perturbation can have a sizable effect on the drift
trajectory, while having minimal impact on the magnetic sur-
faces. Finally, Sec. IV includes some summarizing discus-
sion.

II. PASSING PARTICLE ORBITS

In this section we derive an approximate analytic expres-
sion for the motion of a passing particle in an arbitrary mag-
netic field. Assuming that the magnetic momentm50, the
parallel velocity v i is a constant. In a curl-free magnetic
field, the guiding center equations in the Boozer coordinates,
r, u, f, are then given by24

B0r
dr

dt
52

Mv i
2

eB

dB

du
, ~2a!

du

dt
5

i–Bv i

g
1

Mv i
2

eB

1

B0r

dB

dr
, ~2b!

df

dt
5

Bv i

g
. ~2c!

In the equations above,M is the particle mass,g is re-
lated to the poloidal current outside a flux surface andr is a
flux surface variable given byc5B0r 2/2. B0 is the magnetic

field on the magnetic axis and 2pc is the toroidal flux. Pass-
ing particle orbits are dependent on the magnetic field spec-
trum through thedB/du term in Eq.~2a!. We assume that for
small drifts off the flux surface, the rotational transform and
the spectral componentsbnm in Eq. ~1! are independent of
the flux coordinater. We also ignore, for the moment, the
term dependent on the radial derivative of the magnetic field
on the right-hand side of Eq.~2b!. The effect of this term will
be considered in the next section. With these assumptions a
simple expression for the particle orbit can be derived,

r 25r 0
21

2Mv ig

eB0
2 ( bnm

m

n2m i–
@cos~nf2mu!2dnm#.

~3!

When a particle is launched at initial Boozer anglesf0 and
u0 , the constantsdnm5cos (nf02mu0) force the radial coor-
dinater to be equal tor 0 , the home flux surface. From the
equation above it is apparent thatm50 modes do not con-
tribute to the radial drift of a passing particle. However, for
spectral componentsbnm such thati–;n/m, even small am-
plitude terms can result in a large drift of a particle off a flux
surface. Because of the dependence of the particle orbits on
the bnm spectral coefficients, Eq.~3! suggests that given the
orbits at multiple poloidal and toroidal angles, it may be
possible to reconstruct the leading terms of the magnetic
field spectrum.

For a conventional tokamak withn50 and m51, the
toroidal curvature termb01 is equal tor /R and the Boozerg
factor is given byB0R, whereR is the major radius. Forr
;r 0 , Eq. ~3! then reduces to the standard expression for the
shift of the particle center from the magnetic axis,dr
5Mv i /eB0 i– .25 For a quasi-helically symmetric stellarator
like HSX, with a dominant moden54 andm51, the dis-
placement of the drift orbit is smaller by a factor of (n
2m i– )/ i– than a tokamak with the same rotational transform.
Figure 1 illustrates how the spatial scale over whichdB/du
changes sign is much shorter for the quasi-helically symmet-
ric stellarator than for the tokamak, thereby allowing for a
smaller excursion of the particle orbit from the magnetic sur-
face. The figure also illustrates the physical origin of the
resonance in Eq.~3!. As the magnetic field line becomes
more and more parallel to a constantuBu contour, i.e., i–
;n/m, thendB/du changes sign over increasingly large dis-
tances. For a tokamak this occurs wheni–;0. Finally, one
can conclude that for a particle launched atu50, f50, the
direction of the particle drift in the radial direction, i.e., in-
side or outside the home flux surface, will be opposite for the
quasi-helically symmetric stellarator compared to a device in
which only toroidal curvature exists. This is due to the op-
posite sign, at this location, of theB3¹B drift for the two
cases.

III. EXPERIMENTAL DETERMINATION OF THE FIELD
SPECTRUM

The drift orbits of passing electrons are measured in
HSX using an electron gun, fluorescent mesh and a charge
coupled device~CCD! camera. The mesh itself is made of
0.076 mm copper wire with 3 mm grid spacing and a fluo-
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rescent coating. Twenty-two light emitting diodes are
mounted on the frame surrounding the mesh and are used to
provide an absolute reference mark. A high-sensitivity CCD
camera records the images produced when the electrons
strike the mesh. A calibration grid is used to correct for op-
tical and geometric distortions of the image. HSX is a four
field period device with 12 coils per field period. Figure 2
shows the experimental set-up. Between each of the field
periods are large diagnostic box ports separated by 90° and
labeled A, B, C and D in the figure. The electron gun is fixed
in position near the location of box port D. The energy of the
electrons could be varied up to 450 eV. A stepper motor
moves the electron gun in the radial direction so that a family
of drift surfaces can be recorded.

The number of spectral components that can be deter-
mined by analyzing drift orbits is limited by the number of
toroidal planes at which the fluorescent mesh can be placed.
Due to access restrictions, we were constrained to put the
mesh into three of the large box ports: D, C and B located

27°, 83° and 173° from the electron gun. Because of the
very small drift excursion of particles in quasi-helically sym-
metric stellarators, it was necessary to lower the magnetic
field to 90 G to observe the deviation of the electron orbits
from a flux surface. Drift orbits were then compared at 50
and 450 eV. Figure 3 shows the orbit shift of the higher
energy particle with respect to the lower one. The contrast
for the images has been enhanced to help illustrate the orbit
shift.

The orbits shown in Fig. 3 have been corrected for im-
age distortion. However, to use Eq.~3! to obtain the mag-
netic field spectrum, the images must be converted into the
appropriate Boozer coordinates.24,26The contravariant repre-
sentation of the field is given by,B5¹c3¹u0 , and for a
curl-free field is given in the covariant representation asB
5¹x. A point in space is then described by the coordinatec,
which labels the flux surfaces, the coordinateu0 , an angle
which labels the field lines, andx5*Bdl, which is related to
the distance along the field line. The Boozer poloidal and
toroidal angles,u andf, are then defined by

x5g~c!f1I ~c!u,
~4!

u05u2 ı̄ f.

The quantityI (c), related to the total toroidal current within
a flux surface, is equal to zero for the current-free HSX ex-
periment. The Boozer toroidal anglef5(1/g)*Bdl was de-
termined from a numerical calculation to be within a few
degrees of the standard cylindrical toroidal angle in the lab
frame of reference.

Experimentally, we map the vacuum surfaces at low en-
ergy and identifyN successive passes of the beam. For each
pass the local transform is givenı̄ N5DuL /DfL , where

DuL andDfL are the total poloidal and toroidal angles the
beam has traversed for that pass in the lab coordinate system.
The extrapolation ofı̄ N as N→` yields an estimate of the

flux surface transformı̄ . For each successive pass of the

beam the Boozer poloidal angle at that location is then de-
termined byu5 ı̄ f where we used the cylindrical coordinate

FIG. 1. Contours of constantuBu and a magnetic field line with a rotational
transform i–51.06. The solid lines are the maxima of the field strength, the
dotted lines are the minima and the dashed curve is the field line. The
vertical arrows illustrate the direction of increasinguBu in the poloidal direc-
tion. Shown are~a! tokamak-like configuration with a magnetic field spec-
trum consisting of only ann50, m51 mode and~b! HSX-like configura-
tion with only ann54, m51 mode.

FIG. 2. Experimental set-up showing orientation of the box ports with re-
spect to the electron gun. Drift orbits are detected with a fluorescent mesh at
ports B, C and D.
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for the Boozer toroidal angle. To obtain the flux surface vari-
abler, the area enclosed by each flux surface is used instead
of the toroidal flux. The error introduced by this approxima-
tion is on the order of a few percent.

We use a neural network27 to generalize the mapping
from lab to Boozer coordinates. Neural networks have been
used before for rapid mapping of complex stellarator geom-
etry into the magnetic flux coordinatec.28 Here, however, we
include in the mapping the Boozer poloidal coordinate. Also
we rely solely on the experimental data for the mapping,
rather than numerical equilibrium codes. The drift orbits of
low-energy electrons at 50 eV are used as approximations to
the magnetic surfaces. Typically we use four such surfaces

that span the radial extent of the high-energy orbit and about
13 poloidal angles for each surface, at each of the three tor-
oidal locations. The network used is the standard multilayer
perceptron with only one hidden layer. Typically one would
use a network that has two inputs, thex andy coordinates of
the beam passes with respect to the frame of the fluorescent
mesh, and two outputs, the Boozer poloidal angle and radial
coordinate. However, to overcome the mapping difficulties
when the angle jumps between 2p and 0, an alternative ap-
proach was used. Data on the outboard side of the torus
~corresponding to a Boozer poloidal angle of zero! were
mapped from2p to p, while data on the inboard side were
mapped from 0 to 2p. To verify that the mapping was indeed
an adequate generalization of the training data and to avoid
over fitting, data on two flux surfaces that the network was
not trained on were used as testing data.

Figure 4 shows the transformation of the high-energy
electron orbit into Boozer coordinates for the three toroidal
locations. Also shown is the best fit of Eq.~3! to the data.
There are two components to the spectrum that can be re-
solved using this method; the normal dominant helical term
b41520.051 and an additional modeb1150.0023. If, in-
stead, the coupled differential equations of Eq.~2! are
solved, including thedB/dr term that was omitted to derive

FIG. 3. ~Color! High energy~450 eV, red! and low energy~50 eV, blue!
electron orbits at~a! box port D, located27° toroidally from the electron
gun,~b! box port C~83°!, and~c! box port B~173°!. The outboard side is to
the right.

FIG. 4. Experimental data~squares! mapped from Fig. 3 into magnetic
coordinates and the best fit~solid line! of Eq. ~3! to the data. The dashed line
is the starting flux surface for the electron orbit. To the right of each graph
are the individual contributions of theb11 mode~dotted! and theb41 ~solid!
to the drift orbit. Shown are the orbits for~a! box port D~b! box port C and
~c! box port B. The outboard side is to the right.
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Eq. ~3!, the spectral components areb41520.045 andb11

50.0023. Theb11 term is nearly resonant with the rotational
transform in HSX, which is just above one. Hence, this mode
dominates the actual drift of the particle even though it is
over an order of magnitude smaller than the leading term.
Also shown in Fig. 4 are the individual contributions of each
of the modes. Because of the symmetric placement of the
fluorescent mesh at each of the three large box ports, the
contribution of theb41 mode to the orbit is the same for all
three cases. However, the component of the orbit drift due to
theb11 mode rotates by 90° in going from one box port to the
next.

The coefficients obtained above are an underestimate of
the amplitudes of the modes because, at 50 eV, the electrons
used to perform the coordinate mapping are still slightly
shifted from the flux surfaces. Extrapolating the mapping
down to zero energy and taking into account the errors in the
beam localization, image restoration, coordinate transforma-
tion and other experimental errors, the spectral components
are thenb41520.07760.008 andb1150.003460.0004.

To compare these amplitudes to the theoretical values,
we calculate the Boozer spectrum for HSX using an ideal
finite-size coil representation. A numerical model of the
earth’s field,29 evaluated at the location of the laboratory, is
included in the calculation. At nominal 1 T operation the
earth’s field has a negligible effect on the spectrum and the
leading symmetry-breaking term for the quasi-helical con-
figuration in HSX is then54, m52 mode with an amplitude
less than 5% of the mainn54, m51 term. However, at a
magnetic field of 90 G, the earth’s field breaks the quasi-
helical symmetry. A listing of the first five components of the
magnetic field spectrum is given in Table I. The largest
symmetry-breaking term is now the@3,0# with an amplitude
roughly 1

3 that of the@4,1# term. Also of sizable magnitude is
the @4,0# term. Note that from Eq.~3!, neither of these terms
has an effect on the radial excursion of a passing particle. For
the top twomÞ0 terms, the model calculation yieldsb415
20.072 62 andb1150.003 56. The phase of the@1,1# mode
in the calculation differs by 45° compared to the data.

IV. DISCUSSION AND CONCLUSIONS

The distinguishing characteristic of the quasi-helically
symmetric stellarator is the near-absence of toroidal curva-
ture in the magnetic field spectrum. The placement of the
fluorescent mesh at three box ports that are separated by one
field period does not allow for an unambiguous measurement
of the toroidal curvature. The main helical mode in HSX, the
b41 term, is indistinguishable from ab01 term or ab81 term

without additional data. However, the passing particle orbits
shown in Figs. 3 and 4 are not consistent with the negative
~i.e., low field on the outboard side! toroidal curvature spec-
tral component present in other toroidal devices. This can be
seen from Fig. 1, which shows for a particle launched near a
toroidal angle of 0° theB3¹B drift is in opposite directions
for HSX compared to a conventional tokamak. This is illus-
trated in Fig. 5 and shows the drift orbit of a passing particle
in a magnetic field with only toroidal curvature, but with an
amplitude equal to that of theb41 term shown in Fig. 4~c!.
For consistency, the mode amplitude is constant as a function
of radius. For Fig. 5, the particle orbit on the outboard side is
inside the home flux surface, while for Fig. 4~c! the experi-
mental data shows the orbit is outside the flux surface. It
should also be noted that the magnitude of the orbit excur-
sion for theb41 term is on the order of13 that due to theb01

term due to then2m i– factor in Eq.~3!.
In this article we have shown that the leadingmÞ0

terms of the magnetic field spectrum in HSX can be deter-
mined by analyzing the orbits of passing particles. Specifi-
cally, this method is very sensitive in picking up nearly reso-
nant small-amplitude spectral components that can have a
strong effect on the drift orbit. At very low magnetic field,
this occurs in HSX due to a@1,1# mode from the earth’s
magnetic field that is inconsequential at the normal operating
field of 1 T. There exists another advantage of using passing
particle orbits to determine the leading spectral components.
The method can also be used to investigate whether a spe-
cific component of the spectrum is intrinsic to the confine-
ment coil set or whether the perturbation is due to an outside
source. For an intrinsic component, a reversal of the mag-
netic field shifts the orbit to the opposite side of the home
flux surface, i.e., orbits outside the surface will now be inside
and vice versa. However, for an external perturbation a re-
versal of the field also reverses the sign of the mode ampli-
tude so that the netB3¹B drift is unaffected. This is clearly
seen in HSX at box port B@see Fig. 3~c! for example# where
the deviation of the orbit on the left is due to the@1,1# mode,
while the deviation of the orbit on the right is due to the@4,1#
mode. The deviation of the higher energy orbit from the
lower energy one is shown in Fig. 6 when the direction of the
magnetic field is reversed from that in Fig. 3. For the@4,1#
mode the higher energy orbit is now inside the lower energy
one, the opposite of what is seen in Fig. 3~c!. However, for

TABLE I. Numerical calculation of the magnetic field spectrum in HSX at
90 G including earth’s magnetic field.

(n,m) Amplitude

~4,1! 20.072 62
~3,0! 0.025 24
~4,0! 20.011 82
~1,1! 0.003 56
~4,2! 20.002 75

FIG. 5. Orbit of a passing electron in a magnetic field with only toroidal
curvature. The outboard side is to the right.
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the @1,1# mode due to the earth’s magnetic field, a reversal of
the magnetic field direction still leaves the relative positions
of the high and low energy orbits unperturbed. This result
confirms that the nearly resonant perturbation observed in
the drift orbits is due to a perturbation of the HSX magnetic
field that is external to the modular coils.

To summarize, we have demonstrated a method by
which advanced stellarators can determine the leadingm
Þ0 terms of the magnetic field spectrum. The method is
especially useful for picking out the nearly resonant spectral
components and can be used to determine whether such com-
ponents are due to errors in the coil set or to some external
perturbation. In addition, we have shown that the drift orbit
excursions in quasi-helically symmetric stellarators are re-
duced compared to the equivalent tokamak. Finally, we have
shown that for HSX, it is possible to build a toroidal stellar-
ator with very little toroidal curvature.
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FIG. 6. ~Color! High energy~450 eV, red! and low energy~50 eV, blue!
electron orbits at box port B, but with the direction of the magnetic field
reversed from Fig. 3~c!. The outboard side is to the right.
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